Squeezing of quantum fluctuations by means of entanglement is a well recognized goal in the field of quantum information science and precision measurements. In particular, squeezing the fluctuations via entanglement between two-level atoms can improve the precision of sensing, clocks, metrology, and spectroscopy. Here, we demonstrate 3.4 dB of metrologically relevant squeezing and entanglement for 10 5 cold caesium atoms via a quantum nondemolition (QND) measurement on the atom clock levels. We show that there is an optimal degree of decoherence induced by the quantum measurement which maximizes the generated entanglement. A two-color QND scheme used in this paper is shown to have a number of advantages for entanglement generation as compared to a single color QND measurement.
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spin squeezing | quantum non demolition measurements | entanglement | atomic clocks W hen NA independent two-level atoms are prepared in an equal coherent superposition of the internal quantum states |↑ and |↓ , a measurement of the ensemble population difference ∆N = N ↑ − N ↓ will fluctuate as √ NA (see Fig. 1A ). These fluctuations are referred to as projection noise [1, 2] . More generally, the population difference of the ensemble can be shown to form one component of a collective pseudo-spin vector J. Taking Jz = NA for the case of independent atoms also referred to as a coherent spin state (CSS). The CSS minimizes the Heisenberg uncertainty product so that, e.g., (δJz) 2 (δJx) 2 = 1 4
| Jy | 2 where Jy is the expectation value of the spin projection operator. At the expense of an increase in (δJx) 2 it is possible to reduce (δJz) 2 (or vice versa) below the projection noise limit while keeping their product constant. This constitutes an example of a spin squeezed state (SSS), for which the atoms need to be correlated. This correlation is ensured to be non-classical if
where ξ defines the squeezing parameter. Under this condition the atoms are entangled [3] and the prepared state improves the signal-to-noise ratio in spectroscopical and metrological applications [1] . Systems of two to three ions have successfully been used to demonstrate spectroscopic performance with reduced quantum noise and entanglement [4, 5] . The situation is somewhat different with macroscopic atomic ensembles where spin squeezing has been an active area of research in the past decade [6, 7, 8, 9, 10, 11, 12, 13] . To our knowledge, no results reporting ξ < 1 via inter-atomic entanglement in such ensembles have been reported so far, with a very recent exception of the paper [14] where entanglement in an external motional degree of freedom of 2 · 10 3 atoms via interactions in a Bose-Einstein condensate is demonstrated.
Spin squeezing by QND measurements
In this article, we report on the generation of an SSS fulfilling Eq. [ 1 ] in an ensemble of ∼ 10 5 atoms via a QND measurement [7, 15, 16, 17] of Jz. We show how to take advantage of the entanglement in this mesoscopic system using Ramsey spectroscopy [1] -one of the methods of choice for precision measurements of time and frequency [18] (Fig. 1A) . The Figure presents evolution of the pseudo-spin vector J whose tip is traveling over the Bloch sphere. The Ramsey method allows using the atomic ensemble as a sensor for external fields where the perturbation of the energy difference between the levels ∆E ↑↓ is measured, or as a clock where the frequency of an oscillator is locked to the transition frequency between the two states Ω = ∆E ↑↓ / . Fig. 1B illustrates how a suitable SSS can improve the precision of the Ramsey measurement provided that the condition of Eq. [ 1 ] is fulfilled.
Here we experimentally demonstrate two crucial steps of the entanglement-assisted Ramsey spectroscopy. First we perform the projection noise squeezing (Fig. 1C) by a QND measurement. Second, using the Ramsey method, we measure the loss of atomic coherence | J | due to QND probing. Together these results allow us to demonstrate the condition of Eq. [ 1 ] . The complete Ramsey sequence can be achieved if these two steps are supplemented with the rotation of the squeezed ellipse from the equatorial to the meridian plane (see Fig. S1 ). We pay particular attention to a reliable determination of the projection noise level which is an experimental challenge in its own right. A QND measurement based on far-off resonant dispersive probing is always accompanied by inherent decoherence due to spontaneous emission (shortening of | J |, as in Fig. 1B ,C) which affects entanglement according to Eq. [ 1 ] . As we show in the paper, the ensemble optical depth sets the optimal value of the decoherence which has to be chosen in order to maximize the generated entanglement. We employ a dichromatic QND measurement [19] and show that it has several advantages for the SSS generation [20] .
Experimental Setup.Cold Cs atoms are loaded into a far off-resonant optical dipole trap (FORT), aligned to overlap with the probe arm of a Mach-Zehnder-Interferometer (MZI, shown in Fig. 2A ). The FORT is formed by a Gaussian laser beam with a wavelength of 1032 nm and a power of 2.5 W focussed to a waist of 50 µm inside an evacuated glass cell N A illustrated as a fuzzy disk. Stage 2: the atoms evolve freely for a time T and the Bloch vector precesses about the z axis by an angle ϕ = 2π(ν − ν 0 )T . ϕ is recorded after a second π/2-pulse (stage 3) by measuring the population difference (stage 4): cos ϕ = (N ↑ − N ↓ )/N A . Projection noise will result in an uncertainty of the Ramsey fringe position. B -The effect of projection noise in Ramsey spectroscopy can be reduced by applying an SSS. If the SSS is generated via a dispersive QND measurement the accompanying spontaneous photon scattering leads to a fraction η of decohered atoms thereby reducing the radius of the Bloch sphere and the Ramsey fringe amplitude by a factor (1 − η). Compared to the CSS shown in A, the SSS on the reduced Bloch sphere B increases the precision in the determination of ϕ if the criteria Eq. [ 1 ] is fulfilled after the final π/2-pulse. C The present paper reports on the squeezing of (δJz) 2 , i.e. along the meridian direction, which can be converted into the squeezing in the equatorial direction by a microwave pulse. The SSS resides on a Bloch sphere of reduced radius as compared to the original CSS. located in one of the arms of the MZI ( [21, 22] ). Atoms are loaded into the FORT from a standard magneto-optical trap (MOT) superimposed onto the FORT, which collects and cools atoms from the background vapor to ≈ 50 µK. After loading the FORT, the MOT light is extinguished and a B-field of ∼ 2 Gauss is applied, defining a quantization axis orthogonal to the trapping beam. At this stage the atoms occupy the (F = 4) ground level but are distributed amongst the magnetic sublevels. To polarize the atoms in one of the clock states, a combination of π-polarized laser light resonant to the 6S 1/2 (F = 4) → 6P 3/2 (F = 4) and 6S 1/2 (F = 3) → 6P 3/2 (F = 4) transitions is applied, optically pumping the atoms towards the (F = 4, mF = 0) state with 80% efficiency. Purification of clock state atoms proceeds by transferring the (F = 4, mF = 0) state atoms to the (F = 3, mF = 0) state using a resonant π-pulse on the clock transition and blowing away remaining atoms residing in the (F = 4) level with light on the 6S 1/2 (F = 4) → 6P 3/2 (F = 5) cycling transition. The Coherent Spin State preparation is completed by putting the ensemble in an equal superposition of the clock states
by applying a resonant π/2 microwave pulse at the clock frequency. Next we perform successive QND measurements on the sample, after which all atoms are pumped into the F = 4 level to determine the total atom number NA. The sequence is repeated several thousand times for various NA. A schematic representation of the experimental sequence is shown in Fig. 3A .
Measurement of the projection noise. The dispersive measurement of the clock state population difference [23, 24] is realized by detecting the state dependent phase shift of offresonant probe laser light. In the present experiment one probe P ↓ is coupled to the state |↓ ≡ 6S 1/2 (F = 3, mF = 0), while a second probe P ↑ is coupled to the state |↑ ≡ 6S 1/2 (F = 4, mF = 0) (see Fig. 2B ). The two probe beams enter the interferometer through different ports, so that the phase shifts imprinted on them by the atoms contribute with opposite signs to the differential signal ∆n from the detectors D1, D2. As discussed below this geometry together with a suitable choice of probe detunings provides compensation of a deleterious probe-induced shift of the measured frequency Ω. Denoting the sum photosignal as n we define
where δn = δn ↑ +δn ↓ denotes the total shot noise contribution of both probe colors. The probes are of equal intensity and their detunings are chosen such that the coupling constants
Hence the normalized differential signal φ yields a Jz measurement with the optical shot noise added:
For atoms in a CSS we have var (∆N ) = NA and Eq.
[ 4 ] predicts a linear increase of the projection noise with the number of atoms. Figure 4 shows that we have observed the projection noise of atoms as evidenced by the almost perfect linear fit to the noise data (blue points). To further confirm that the linear part of Fig. 4 is the quantum projection noise we verify the value of k 2 for the inferred projection noise slope by independent means (see Supplementary information). Achieving this linearity is a demanding experimental task because it requires technical noise, e.g., fluctuations of the probe power and the interferometer length to affect ∆N measurements well below the level of 1/ √ NA ≈ 2 · 10 −3 over the time scale of the experiment.
Conditional noise reduction by QND measurement. The ability to measure the atomic spin projection with a sensitivity limited by the shot noise of light allows us to produce a conditionally spin squeezed atomic state. After preparation of a CSS, we use n1 photons to measure Jz as outlined above and obtain a measurement result φ1, which is randomly distributed around zero with a variance
blue dots in Fig. 4 ). Using the information obtained in the first measurement we can, to a certain degree, predict the outcome φ2 of a successive Jz measurement performed on the same ensemble of atoms. The best estimate for φ2 is ζφ1, which results in a conditionally reduced variance that displays a reduction of the projection noise by 1 1+κ 2 (cf. red diamonds in Fig. 4 ). The measurement strength κ 2 = n1k 2 NA describes the ratio of the atomic noise to the shot noise of light and ζ = cov (φ1, φ2)/var (φ1) = κ 2 /(1+κ 2 ). A QND measurement with a finite strength κ 2 leads to a finite correlation between the two measurements, as shown in Fig. 3B . For κ 2 = 3.2 observed for NA = 1.2 · 10 5 atoms we expect a conditionally reduced variance of −6.2 dB with respect to the projection noise level. In the experiment we find the value −(5.3 ± 0.7) dB as shown in Fig. 4 .
Decoherence.Spontaneous emission caused by the QND probes is a fundamental irreversible decoherence mechanism which affects the SSS in two ways. First, it can change the value of Jz by redistributing atomic populations via inelastic Raman scattering. This effect would be particularly important if a single QND probe coupled to both clock levels were used. Except for special cases such as discussed in [25] , the single color probing causes Raman scattering between the clock levels. With the two-color QND scheme which we use here the population redistribution between the hyperfine levels is practically absent because of the selection rules and the choice of detunings (atoms in the ground state level F = 4 are predominantly excited to the level F = 5 and hence cannot decay to the ground state F = 3, and similarly for the reverse scattering). The effect of the redistribution between the magnetic sublevels within a given hyperfine level on the projection noise squeezing is very small (estimated to be less than 1%), as also proven by a good agreement between the observed and predicted degree of this squeezing (see the section on dichromatic probing and supplementary information for further discussion of this issue).
The second and main effect of the spontaneous decoherence on entanglement is due to the reduction of the coherence between the clock levels. Both inelastic Raman and elastic Rayleigh spontaneously scattered photons lead to shortening of the mean collective spin vector | J | → (1 − η)| J | and hence to the reduction in Ramsey fringe amplitude (see Fig. 1B ). The degree of spin squeezing as defined by Eq. [ 1 ] depends on the fraction η of atoms which decohere as a result of spontaneous photon scattering during dispersive QND probing. The QND measurement strength can be cast as κ 2 ∝ dη where d is the resonant optical depth of the sample [26] . This highlights the trade-off between information gained through strong coupling and coherence lost due to spontaneous emission.
An inhomogeneous AC Stark shift due to the transverse intensity profile of the probe beam can, in principle, cause an additional dephasing and decoherence. However, as discussed in the section on dichromatic QND, this deleterious effect is strongly suppressed in our QND sequence.
We determine η via the reduction in the Ramsey fringe amplitude in a separate echo spectroscopy experiment [21, 22] . The technique and results are summarized in Fig. 5 . The reduction in echo fringe amplitude as a result of the probe light thus provides an upper bound for the decoherence inflicted.
Squeezing and entanglement. The noise measurement data presented in Fig. 4 corresponds to η = 20 % as measured in echo spectroscopy. According to Eq. 1 metrologically relevant spin squeezing and entanglement ξ < 1 for a given NA can be claimed if the conditionally reduced variance of the verification measurement (red diamonds in Fig. 4) is less than the projection noise scaled down by the factor (1 − η) 2 (dashdotted line in Fig. 4 ). In the inset of Fig. 4 we consider the maximum NA-bin of the data and plot ξ versus η, varying the probe photon number by combining consecutive probe pulses (see Methods for details of the data analysis). Maximum squeezing ξ = −(3.4±0.7) dB is observed with η = 20 %, corresponding to probing the atoms with 1.3·10 7 photons. The squeezing reduces as η increases further, confirming the notion that though a stronger measurement enables more precise estimation of Jz, this reduction in spin noise eventually ceases to be spectroscopically relevant as a result of decoherence.
Dichromatic QND. A single probe introduces a phase shift of the Ramsey fringe of approximately 0.8 radians due to the Stark shift. If two properly balanced probes P ↓ and P ↑ have the same spatial mode the differential AC-Stark shift of the clock states |↓ and |↑ is strongly suppressed and the phase shift of the Ramsey fringe is reduced below the measurement precision. However, even in the presence of inevitable probe fluctuations which lead to a differential Stark shift, this shift does not affect the QND Ramsey sequence. The differential Stark shift caused by the misbalance of the two probes would affect the initial value of Jx, that is it would add noise to the anti-squeezed component of the spin without affecting the squeezed component. Jx is not measured in the Ramsey sequence (see eq. S8 in the Supplementary information), and therefore the dichromatic QND method does not lead to a differential light shift of the clock transition [20] . This feature is most important for both the precision and the accuracy in metrological applications.
Another advantage of the two-color probing is due to the fact that, as opposed to the single probe QND schemes [23] where detuning is fixed roughly in the middle between the atomic levels of interest, the detuning of two probes can be adjusted. The detuning is then chosen so that the optimal value of the parameter η is obtained for a photon number around 10 7 , a convenient value which minimizes the combined effect of the laser intensity and frequency classical fluctuations. At the same time for a single probe QND the photon number corresponding to the optimal η would be approximately 10 10 , thus demanding a challenging level of stabilization of the probe power to much better than 10 −5 . Finally, we discuss the fundamental advantage of a dichomatic QND measurement with cyclic transitions [20] .
, assuming a large resonant optical depth d. Note that the optimal experimental value of η as shown in the inset of Fig. 4 is close to, albeit somewhat smaller than, the theoretical optimum.
We emphasize that the theoretical scaling of ξmin ∝ d
for the dichromatic QND method using cyclic transitions is more favorable than the scaling ξmin ∝ d −1/2 for a conventional single-color QND scheme with cross-pumping [26] .
The probe transitions used in the present paper are not exactly cyclic. The spontaneous emission does not reshuffle atoms between the hyperfine levels but it does cause Raman scattering mF = 0 → mF = ±1 within each hyperfine level. Atoms spontaneously scattered to both mF = 0 and mF = 0 do not add noise to the QND-assisted Ramsey sequence (see Supplementary information for details). The only additional partition noise of Jz (less than 1%) which appears after the spontaneous emission is due to slightly different probe coupling to atoms mF = 0 and mF = 0. Interestingly, it becomes obvious from this discussion that the atoms which decohered to mF = 0 states are part of the entangled state since if they were removed after the QND measurement the parameter ξ would grow due to the increased uncertainty of δJ 2 z .
Conclusion and Outlook.
In summary we have demonstrated a reduction of projection noise to −(5.3 ± 0.6) dB and metrologically relevant spin squeezing and entanglement of −(3.4 ± 0.7) dB on the Cs microwave clock transition. We analyze in detail the role of spontaneous photon scattering in the Ramsey sequence combined with QND measurements and demonstrate the optimal balance between decoherence and the measurement strength for generation of spin squeezing. The measurement precision improves with the number of atoms, hence it is important that we have demonstrated entanglement with the largest to-date number (over 10 5 ) of cold and trapped atoms. We show that the dichromatic QND measurement has several advantageous features in the clock and Ramsey spectroscopy settings.
The phase noise of our microwave reference (HP8341B ) prevented us from a demonstration of the effect of the spin squeezing in a full clock cycle, even for integration times < 10 −4 s. We expect to be able to improve on that with a better microwave source.
A crucial parameter defining the degree of spin squeezing generated with the QND method is the resonant optical depth of the atomic ensemble. Here we have shown that significant entanglement can be obtained with a modest optical depth of ∼ 16. The requirement of high optical depth poses a limitation on the applicability of our results to, e.g., projection noise limited fountain clocks [18] where the optical depth is usually kept around unity in order to avoid collisional shifts. Spin squeezing is on the current agenda for optical clocks [27, 28, 29] which are affected by collisions to a much smaller extent. The first step along the lines discussed in the present paper in state-of-the-art lattice clocks has been demonstrated very recently in [30] where a nondestructive measurement using a Mach-Zehnder interferometer with sensitivity near the projection noise level has been reported. The dichromatic QND method can be particularly convenient in optical clocks if both clock levels are probed, because the levels separated by optical energy can be probed with two independent lasers.
In systems with a low single pass optical depth the effective optical depth can be increased by utilizing an optical cavity as demonstrated recently [31] where results similar to ours have been obtained. Sensing and metrology for which a high optical depth and associated collisions are not a problem will probably be the main field of application for this method, unless the collisional shift itself is the goal of a Ramsey experiment [32] .
Methods
Noise Measurement Sequence.
The clock state sensitive probes P ↑ and P ↓ enter the interferometer via opposite input ports (see Fig. 2 ) and are phase locked to achieve common mode rejection of frequency fluctuations when probing the atoms.
Because of the opposite inputs, the differential output signal D2 − D1 for the empty interferometer has opposite signs for P ↑ and P ↓ , and their intensity ratio is controlled as to achieve zero mean of the signal; hence the dichromatic interferometer becomes nearly insensitive to geometric length variations. With the intensity ratio fixed the detunings of P ↑ and P ↓ are fine-tuned to achieve zero mean signal for atoms in the coherent superposition. The two probes are mode matched, so that the transverse spatial distributions of P ↑ and P ↓ (waist size 27 µm) are very similar.
Hence the differential AC Stark shift on the clock transition from a dichromatic probe pulse is significantly reduced across the entire atomic volume.
The geometric path length difference between the probe and reference arms of the interferometer is controlled by a piezo actuated mirror. Prior to atomic probing the mirror position is adjusted in a feedback loop to achieve zero differential interferometer output near the white light position using a sequence of weak auxiliary laser pulses at 840 nm. This light virtually does not interact with the atoms and provides a reference position from which the mirror is subsequently offset to obtain an individually balanced output for each of the two probe beams. This allows to reject intensity noise in the probe pulses during superposition state measurements. The off- 6 . From the fitted curves the reduction of the fringe amplitude is inferred giving an upper bound of η = (0.11 ± 0.02). (B) Experimental sequence similar to that of Fig 1a) with addition of a microwave π-pulse to reverse dephasing. Without the probe light pulses, the microwave (π/2, π, π/2)-pulse sequence compensates all reversible dephasing effects. Absorption of light from the two probe pulses causes a fraction η of atoms to undergo (irreversible) spontaneous emission.
set value depends on the (expected) number of trapped atoms. The atomic ensemble is probed at 20 µs intervals using a sequence of 20 dichromatic pulses with a duration of 10 µs and n pulse photons per color, per pulse (1.83 · 10 6 in the probe arm).
The differential interferometer signal is sampled on a digital storage oscilloscope from which we determine the differential photon numbers {p1, p2...p20}. After probing the superposition state the interferometer is reset to its reference position and the atoms are optically pumped into the (F = 4)-level to determine NA. The trapped atoms are recycled for additional measurements by re-initializing the ensemble using optical pumping and purification as described above. During each MOT cycle four ensembles are interrogated and additionally three reference measurements without atoms are recorded.
Data Analysis. We combine up to P = 10 successive pulses which allows us to vary the effective QND probe photon number n = 2P n pulse , and obtain the phase shifts φ1 = (p1 + . . . pP )/n, φ2 = (pP +1 + . . . + p2P )/n. These measurements are sorted and grouped according to the atom number NA. We fit a general quadratic function V (NA) = v0 + v1NA + v2N 2 A (solid blue line in Fig. 4) to var (φ1) and var (φ2) (blue points and stars) and another function C(NA) = c0 + c1NA + c2N 2 A to cov (φ1, φ2) to identify the light noise contribution v0 − |c0| − d0 (light blue area), d0 = detector noise (dark blue area), and the projection noise v1NA (green field, dashed line). Knowing the outcome of a φ1 measurement the best prediction for the successive φ2 measurement on the same sample is ζφ1, with ζ = cov (φ1, φ2)/var (φ1). The conditionally reduced variance var (φ2 − ζφ1) (red diamonds) is predicted
(red line). From a spin-echo measurement with pulses of nse = 7.4 · 10 6 photons altogether resulting in a fringe contrast reduction of ηse = 11 % the value of spin squeezing for a QND measurement employing a total of n Probe photons in the probe arm is then calculated as SQ = 10 log 10 "
. To compensate for slow drifts in our setup, from each set of raw data p1 . . . p20 we subtract the individual pulse data recorded in the previous MOT cycle and perform our data analysis on the differential values.
Decoherence measurement.
In Fig. 5 we show the decoherence measurements for two dichromatic probe light pulses containing in total 7.4 · 10 6 photons. The data has been taken at a microwave detuning of ∆Ω = 3 kHz from the clock transition frequency and the inversion of the phase through the microwave π-pulse was induced after 1.5 ms of free evolution. The two light pulses reduce the echo-fringe by 11 ± 2 % and thus this forms an upper bound for η for the combined effect of these probe pulses. From this we can deduce the decoherence η corresponding to a probe pulse with a photon number nP as η(nP ) ≈ 1 − (1 − 0.11) n P 7.4·10 6 .
We have also verified that the dichromatic probing employed in the QND measurement indeed provides a significant reduction of the differential Stark shift by measuring the fringe visibility reduction in the absence of the π-pulse. In cases when the two probes were mode matched to better than 97 % we indeed observed an identical fringe reduction irrespectively of the π-pulse.
Appendix: Derivation of the QND measurement equation
To describe the propagation of the probe light through the atomic gas, we express its complex valued susceptibility by
where for each probe color the sum is taken over all possible transitions; ℘ l denote Clebsch-Gordan coefficients, ∆ l is the detuning from resonance, nA is the atom column density, L is the interaction length, λ is the vacuum wavelength, and 1/γ the excited state lifetime. Since the P ↑ (P ↓ ) probe only interacts with atoms in the |↑ (|↓ ) state we can calculate the phase shift θ and absorption e −α for a plane wave of the probe light passing through the cloud as follows:
The Gaussian spatial profiles of the two probes IP (r) = 2 πw 2 e −2 r 2 w 2 with a waist size w = 27 µm are mode matched to better than 97% by maximizing the interference fringe between the two spatial modes using the same laser as input. The atomic cloud is laser cooled and trapped in a far detuned dipole trap, as described in detail in [21] , so that the transverse size of the cloud is about a factor of two larger than the probe cross section, hence the total column density nA is considered constant across the probe cross section.
nA can be expressed as the sum of the column densities of the individual states: nA = n A↑ (r, ϑ) + n A↓ (r, ϑ) [ 9 ] Due to quantum fluctuations in the difference of the populations in the |↑ and |↓ states, the individual contributions n A↑,↓ (r, ϑ) can differ for different positions (r, ϑ) within the beam. The measurement of the probe phase shift is performed by interference with a mode matched reference beam and hence the differential number of photons measured by the detectors D1, D2 is given by
where
is the spatially averaged phase shift of the probe(s), t = 63 % is the probability of the homodyne detection of a photon which has interacted with the clock atoms, nR is the number of detected photons from the reference arm of the interferometer, nP is the number of probe photons interacting with atoms, and n A↑,↓ is the column density of the atomic cloud in the two clock states respectively. Since the probes are injected via opposite input ports, the detector signals have opposite signs. In deriving Eq. [ 11 ] we assumed that the phase shifts θ ↑,↓ are small such that sin(θ ↑,↓ ) ≈ θ ↑,↓ . The photon numbers for both probes are matched (nR ≡ n R↑ = n R↓ , nP ≡ n P ↑ = n P ↓ ) whereas the detunings are chosen such that the differential number of photoelectrons (the signal) for the two probes is zero for equal populations of the clock levels, i.e., Re Q ↑ = Re Q ↓ . Hence withñ ≡ √ tnRnP Q denoting the interferometer fringe amplitude the total signal due to atoms can be expressed as ∆n =ñ
[ 12 ] When the atoms are prepared in one of the clock states, say state |↑ , the interferometer signal measures the total number of probed atoms ∆n |↑ = n A↑ñ Re Q.
When the clock atoms are prepared in a coherent superposition of the states |↑ and |↓ (the CSS), the expectation value for the signal is zero: ∆nCSS = 0. Since the CSS is a product state there is no correlation in the noise of n A↑ − n A↓ at different positions within the beam and therefore (omitting optical shot noise for the rest of this section):
This motivates the definitions
so that from Eq. [ 12 ] we can derive Eq. [ 3 ] : φ = ∆n n = k∆N . We find consistently that for all atoms in the state |↑ : φ |↑ = kN ↑ = kNA and for the CSS: φCSS = 0, var (φCSS) = k 2 var (∆N ) = k 2 NA.
Supplementary Information
Mesoscopic atomic entanglement for precision measurements beyond the standard quantum limit Verification of the Projection Noise level. We perform projection noise measurements on a CSS to obtain fluctuating phase shifts φCSS with var (φCSS) = k 2 var (∆N ) = k 2 NA. After each measurement we pump all the atoms into the |↑ state and determine the phase shift φ |↑ = kN ↑ = kNA. These relations allow us to determine the maximum effective number of atoms from the maximum phase shift observed φ |↑ ,max :
NA,max = φ |↑ ,max · " dvar (φCSS) dφ |↑ « −1 = 1.2 · 10 5 .
[ S1 ]
An independent way to determine NA is described as follows: We determine Q from and by inserting the probe beam radius w into definition given in Eq. [14] of the main text together with Eq. [7] the maximum effective atom number can be deduced from the maximum phase shift φ |↑ ,max = 0.18 rad:
NA,max = φ |↑ ,max · 2πw
2
Re Q ↑ = 1.8 · 10 5 .
[ S3 ]
The values obtained from eq.
[ S1 ] and eq.
[ S3 ] show reasonable agreement, considering that the approximation that the atomic cloud is wide compared to the probe beam but its axial extension is small compared to the probe beam Rayleigh length are only approximately fulfilled. The projection noise slope dvar (φ CSS ) dφ |↑ obtained in different experimental runs over the course of several weeks shows a reproducibility to within ±10%.
Consistency check of the atom number estimation. Let α ↑↓,CSS denote the absorption coefficient of a cloud of atoms, prepared in the CSS for the two probe wavelengths. The overall absorption coefficient for a dichromatic light pulse can then be expressed as αCSS = α ↑,CSS + α ↓,CSS 2 = nA Im Q ↑ + Im Q ↓ 4 .
[ S4 ]
A light pulse with 2nP photons interacting with the atoms causes αCSS · 2nP scattering events. Each photon scattered off an atom that is still in the superposition state reveals this atom's internal state and therefore ruins the superposition. Thus for each scattered photon per unit area the density nCSS(r, ϑ) of atoms that still reside coherently in the (|↑ +|↓ )/ √ 2 superposition is reduced by nCSS/nA. Hence for a pulse with the photon column density 2nP IP (r) one can derive the differential equation
which has the solution nCSS(nP ) = nA exp
The last step of the spin-echo sequence outlined above is the measurement of the decoherence parameter η = 1 − NCSS/NA by determining the fraction of atoms that still form a CSS, weighted with the probe beam profile IP (r):
Using w = 27 µm, 2nP = 7.4 · 10 6 for our probe frequencies eq.
[ S7 ] predicts η = 17%. This estimate becomes closer to the the observed value of 11% when optical losses induced by the vacuum cell windows and the spatial profile of the atomic density within the probe volume are taken into account.
